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A photon in an arbitrary polarisation state can-
not be cloned perfectly1,2. But suppose that at our
disposal we are given several copies of an unknown
photon. Is it possible to delete the information con-
tent of one or more photons by a physical process.
Specifically, if two photons are both in the same orig-
inal polarisation state is there a mechanism to pro-
duce one photon in the same polarisation state and
the other photon in some standard polarisation state.
If this can be done, then one would create a stan-
dard blank state onto which one can copy an unknown
state approximately, by deterministic3,4 or exactly, by
probabilistic5,6 cloning machines. This will be use-
ful in reversible quantum computation, where one
can store some new information in an already com-
puted state by deleting the old information. Here we
show that the linearity of quantum theory does not
allow us to delete an arbitrary quantum state per-
fectly and unitarity does not allow us to delete two
non-orthogonal states exactly. Though in a classical
computer information can be deleted perfectly, at the
expense of some energy cost, the same task cannot be
acomplished with quantum information.
Quantum information has the unique property that it
cannot be amplied accurately. If one could clone an
arbitrary state then using non-local resources one can
send signals faster than light1,2. Nevertheless, orthog-
onal quantum states can be perfectly copied. Though
two non-orthogonal photon-states cannot be copied per-
fectly by a unitary process7 they can be copied by
unitary-reduction process5. Even more interestingly,
non-orthogonal states from a linearly independent set can
evolve into a linear superposition of multiple copy states
by a novel cloning machine8. With the recent advance-
ment in quantum information theory such as quantum
cryptography9, quantum teleportation10,11 and quantum
computing12 we would like to know what we can do with
the vast amount of information contained in an unknown
state and what we cannot. In classical information theory
deleting some information is not a problem. However, in
quantum theory the perfect deleting of an unknown state
from a collection of two or more states is not a trivial
operation. The very basic structure of quantum theory
puts some limitations on the complete deleting of the
quantum information of an unknown state.
Suppose we have two qubits (e.g. photons of arbitrary
polarisation) in some state jsi and an ancilla in some ini-
tial state jQi. The aim of the quantum deleting machine
is to delete one or more number of qubits from a collec-
tion of two or more qubits all in the same state. In a
sense, we intend to construct a machine which appears
to perform the ‘reverse’ of cloning operation (but as we
will see later, strictly it is not so). The quantum deleting
operation is dened for two unknown states jsijsi such
that the linear operator acts on the combined Hilbert
space and deletes the second qubit if both are identical.
It is given by
jsijsijQi ! jsijijQsi, (1)
where ji is a blank state and jQsi is the nal state of
the ancilla.
We consider two unknown states to be passed through
a deleting machine for it to be a non-trivial operation. If
we have one unknown state and want to dene a delet-
ing operation then it can be done perfectly by a swap
operation. Thus ideally the quantum deleting transfor-
mation should create a blank state from two copies of
an unknown state keeping one intact. If the two input
qubits are in dierent state, then deleting machine allows
them to pass through without any change (the machine
acts as identity operator). Let us see how the linear-
ity of quantum theory prevents us deleting an unknown
state perfectly. Let us suppose that we have a quantum
deleter which can delete a qubit in the state jHi (hori-
zontal polarisation) and jV i (vertical polarisation). For
two copies of two of the orthogonal qubits we have the
following deleting transformation
jHijHijQi ! jHijijQ0i
jV ijV ijQi ! jV ijijQ1i
jHijV ijQi ! jHijV ijQi
jV ijHijQi ! jV ijHijQi. (2)
Then for an arbitrary qubit jψi = αjHi + βjV i, (α, β
being unknown complex numbers and jαj2 + jβj2 = 1)
the deleting operation would create the following state
jψijψijQi = [α2jHHi+ β2jV V i+ αβ(jHV i + jV Hi)]jQi
! α2jHijijQ0i + β2jV ijijQ1i+ αβ(jHV i + jV Hi)jQi
= jΨouti. (3)
However, for an arbitrary qubit the deleting operation
would create ideally
jψijψijQi ! jψijijQψi. (4)
Since the nal output states in equation (3) and (4) are
dierent linearity does not allow deleting of an unknown
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(linearly dependent) quantum state. This we call “quan-
tum no-deleting” principle. This principle is complemen-
tary in spirit to the no-cloning principle, and is expected
to play a fundamental role in our future understanding
of quantum information theory.
Having stated the no-deleting principle, we briefly dis-
cuss the approximate deleting of an unknown state and
the errors introduced by a quantum deleting machine.
Since it is impossible to delete an unknown state per-
fectly we may ask how well one can do the above opera-
tion. In the deleting transformation (3) the ancilla states
should belong to a three dimensional Hilbert space, when
the inputs are qubits. For the output state (3) to be nor-
malised (and hence unitary) we need jQi, jQ0i, and jQ1i
to be orthogonal to each other. The reduced density ma-
trix of the two photons ab after the deleting operation is
given by
ρab = trc(jΨoutihΨoutj) = jαj4jHihH j.jihj
+jβj4jV ihV j.jihj + 2jαj2jβj2jψ+ihψ+j, (5)
where jψ+i = 1√
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(jHV i+ jV Hi) is one of the four max-
imally entangled states13. The reduced density matrix
for the photon in the mode b will be
ρb = tra(ρab) = (1 − 2jαj2jβj2)jihj + jαj2jβj2I, (6)
where I is the identity matrix in two dimensional Hilbert
space. Thus the reduced density matrix of the photon
in the mode b is a mixed state which contains the error
due to imperfect deleting. The delity of deleting (which
is simply the probability of successful deletion) can be
dened as Fb = hjρbji = (1 − jαj2jβj2). This shows
that for either α = 0 and β = 1 or α = 1 and β = 0 the
delity of deleting is maximum. For an equal superposi-
tion of horizontal and vertical photon state, the delity
reaches 3
4 , which is the maximum limit for deleting an
unknown qubit. The average delity of deleting is given
by Fb =
∫ 1
0 djαj2Fb = 56 = .83.
We can see how good the state of the photon in mode a
is after both the photons have passed through a quantum
deleting machine. The reduced density matrix of this
mode is given by
ρa = trb(ρab) = jαj4jHihH j+ jβj4jV ihV j + jαj2jβj2I.
(7)
The delity of the photon in mode a is Fa = hψjρajψi =
(1 − 2jαj2jβj2). For an equal superposition of horizontal
and vertical photon state the delity is 12 . The average
delity in this case is Fa =
∫ 1
0 djαj2Fa = 23 = .66. This
shows that the rst mode of the photon is not faithfully
retained during the deleting operation. It is, in fact, less
than the actual deleting mode. This shows that linearity
of quantum theory neither allows us to delete an un-
known state perfectly nor does retain the polarisation of
the other photon. We can compare the quantum delet-
ing operation to that of the quantum cloning operation
dened by Wootters and Zurek1. In the cloning opera-
tion the reduced density matrix of both the modes are
same3. Therefore, the average delity of both the modes
is found to be 23 . However, as we have shown here the
delity of the two modes are dierent for the deleting
operation. This suggests us that the quantum deleting
machine is not the reverse of quantum cloning machine.
It is yet another limitation on our ability to manipulate
the quantum information.
In some cases two qubits need not be in orthogonal
states nor in completely arbitrary states but they could
be chosen secretely from a set containing non-orthogonal
states. Though each of a copy from two copies of two
orthogonal states can be perfectly deleted, we show here
that the same cannot be done for two non-orthogonal
states. Suppose we have two copies of the two of the
non-orthogonal states jψii, (i = 1, 2) with a nite scalar
product between them. We ask if there is a unitary op-
erator which can delete one of the copy by keeping the
other intact. For simplicity and clarity we work with-
out attaching an ancilla to the qubits. For two copies
of distinct non-orthogonal states the deleting machine is
a unitary operator which acts on the combined Hilbert





jψ2ijψ1i ! jψ2ijψ1i. (8)
Since unitary evolution must preserve the inter inner
products we have several conditions to be satised si-
multaneosuly. These restriction are hψ1jψ2i2 = hψ1jψ2i,
hψ1jψ2i = hjψ2i, hjψ2i = 1, hjψ1i = 1, and
hψ2jψ1i = hjψ1i. These can be satised only if jψ1i =
jψ2i = ji, which means a contradiction, as there is no
non-trivial states being processed by the machine. Thus
copies of non-orthogonal states cannot be deleted by a
unitary machine.
We emphasise that the quantum deleting of an un-
known state will be a serious task in the practical imple-
mentation of quantum information processing. Copying
and deleting of information in a classical computer are
inevitable operations whereas similar operations cannot
be realised perfectly in the quantum computers. This
has potential applications in the information processing
because it provides intrinsic security to quantum les in
a quantum computer. No one can anonymously obliter-
ate a copy of an unknown le from a collection of several
copies of a le in a quantum computer. Inspite of the
\quantum no-deleting" principle one can try to construct
a universal and optimal quantum deleting machine in
analogous to optimal quantum cloning machine14. When
memory in a quantum computer is scarce (at least with
nite number of qubits), approximate deleting will play
an important role in its own way. Though at rst glance
the quantum deleting may seem the reverse of quantum
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cloning, it is not so. There might be some link with opti-
mal delity of deleting and optimal delity of cloning op-
eration. Nevertheless, we have discovered another won-
drous limitation on the quantum information imposed by
linearity and unitarity of quantum theory.
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